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DYNAMIC DEFORMATION OF A THERMOVISCOELASTIC ROD
OF TRIANGULAR CROSS SECTION IN A COUPLED FORMULATION

A. D. Chernyshev UDC 539

For the coupled model of a thermouviscoelastic rod of equilateral triangular cross section, two exact
solutions are obtained for the cases where a normal displacement and a shear stress or a tangential
displacement and a normal stress are specified on the lateral surface of the rod. A dimensionless
parameter Rq is introduced to judge the appropriateness of taking into account the coupling in the
formulation of the problem. Formulas are given for the wvelocities and lengths of the temperature,
shear, and longitudinal waves, which can be used in experiments to determine the physical properties
of thermouviscoelastic materials.
Key words: dynamic deformation, coupled thermouviscoelasticity problems, rod.

The properties of a thermoelastic body in a dynamic mode was the subject of research in [1-4] and other
papers. The thermoviscoelastic model is a complex model, and dynamic problems have therefore been little studied.
The exact solutions of dynamic problems for a two-dimensional thermoviscoelastic body are unknown.

1. Formulation of the Problem. unlike in the majority of linear models, in the thermoviscoelastic model,
the mechanical properties of solids are most fully taken into account. Thermoviscoelastic properties are inherent
in metals and their alloys under small variable mechanical and thermal loads [5]. Materials with such complex
properties are described by various rheological models. For definiteness, we chose a model in which the elastic and
viscous strain and strain rate tensors coincide and the total strains are the sum of the elastic and temperature
strains. The stress tensor o;; is expressed in terms of the strain tensors e;j, strain rates €;;, and temperature 7' as
follows:

Oi5 = )\(ekk - 3atT)5ij + 2M(€ij - Oth(Sij) + C(f‘fkk — 304tTt)5ij + 277(6@‘ — Otht(Sij). (1.1)

Here A\ and p are the Lamé elastic coefficients, ( and 7n are the viscosity coefficients, «; is the thermal-expansion
coefficient, ¢;; is the unit Kronecker tensor, and (- ), = 0(-)/0t.

Below, we consider dynamic problems under plane strain conditions. Substituting o;; from (1.1) into the
equations of motion for a continuum, we obtain the following two differential equations for the displacements u
and v in Cartesian coordinates:

AoUze + (A 4 ()Vzy + ptyy + Coltze + (4 0)Viay + Nty — YeTw — YoTut = puss,
Ao = A+ 2u, Co = ¢+ 2n, (1.2)
AoVyy + (A + ()Uzy + [0z + CoVtyy + (C+ MUtzy + Miza — YLy — Yo Tye = pus,
Ye=(BA+2u)ar, = (3¢ +2n)ay.

These equations should be supplemented by the heat-conduction equation

AT — k(ugt + vye) = T, k=~.T0/(Cp). (1.3)
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In (1.2) and (1.3), Ty is the initial temperature, A is the Laplacian, p is the density, (), = 9(-)/0z, (-)y =
9 (-)/0dy, b is the thermal diffusivity, C' is the specific heat, and k is the coupling coefficient (the term containing
this quantity takes into account the temperature variation in the solid due to adiabatic volume variation [6]). For
Egs. (1.2) and (1.3), we specify two versions of conditions on the boundary I" of the rod with an equilateral triangular
cross section of height 2h:

Up| = u1p coswt + ugg sin wt, Tn| = Ti0 cOSwt + Tog sin wt,
r r
1.4
or , (1.4)
—| = q10 Ccoswt + @20 sin wt;
onlr
Ur| = V10 cOSwt + voq sin wt, On| = 010 coswt 4 g9g sinwt,
r r
(1.5)

T‘ = Tio coswt + Tog sin wt.
r

Here u,, and u, are the normal displacement and the displacement tangential to the boundary I' of the material
points, 7, and o, are the shear and normal stresses on the boundary of the rod, wjo, Tjo, vjo, 0jo, and Tjo
(j = 1,2) are specified constants. Equations (1.1)—(1.5) constitute a linear problem. The material being deformed
is heated with time due to energy dissipation, which can be taken into account by the nonlinear term o7;e7; in the
heat-conduction equation. For large values of ¢, the heating becomes substantial; therefore, the proposed linear
model, which ignores dissipation, is suitable only for initial times.

We consider the problem of harmonic oscillations without initial conditions. The solution of this problem is

sought in the form

u=Uj(z,y)coswt + Us(z,y) sinwt, v =Vi(z,y) coswt + Va(x,y) sinwt,

1.6
T =Ti(z,y) coswt + Ta(x,y) sinwt, (1.6)

where Uj;, Vj, and T} are the amplitudes of the displacement and temperature oscillations in the region €. Substi-
tution of (1.6) into (1.2) and (1.3) yields the system

/\OUlww + (/\ + M)‘/lwy + MUlu’u + W<OU2ww + w(C + n)%wu + wnU2yy - P)/ele - WVUTZm + PW2U1 = 07

MoUszz + (A + 1) Vagy + uUsyy — wCoUrze — w(C + 0)Vigy — wnUiyy — YeTox + wypTiy + pw?Us = 0; L7

Ao Vigy + A+ @)Uty + wVize + wloVayy + w(C + 0)Uszy + wnVaze — YTty — wyoToy + pw?Vi = 0,

Ao Vayy + (A + @) Ussy + uVozz — wloVigy — w(C + 0)Utzy — wnVigw — VeToy + wyoT1y + pw? Vo = 0; (18)
bAT) — wk(Usy + Vay) — wlr =0, bAT, + wk(Uiy + Viy) + wTi = 0. (1.9)

2. Solution for a Flat Strip. In this case, we assume that the quantities U;, V; and T} (j = 1,2) depend
only on the coordinate x. We introduce the following notation:

Uj="Pj(x), V;=Q;@), Tj=R;x) (=12).
Equations (1.7)—(1.9) are simplified:
MNPy +wCoPy — ¥R} — wyy Ry + pw?Py =0, XoPy — wloP) —VeRy + wy, Ry + pw? Py = 0,

(2.1)
QY +wnQy +p’Qr =0, pQY —wnQf + p’Qz = 0. (2.2)

Here the unknown functions P; and R; enter system (2.1) because of the coupling nature of the model, and for @,
we have separate independent equations (2.2). Particular solutions of system (2.1), (2.2) are sought in the form

Pj = Aj e‘”, Qj = Bj eﬁw, Rj = Cj e*” (] = 1,2). (23)
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Substitution of (2.3) into (2.1) and (2.2) yields the following system of equations for A;, B;, C;, «, and j:
Xoo? A1 + woa? As — veaC — wy,aCly + pw2A1 =0,
Xo0o? Ay — woa? Ay — yeaCh + wy,aCl + pw?Ay = 0, (2.4)
ba?Cy — wkaAy — wCs = 0, baCy + wka Ay +wCy = 0;

w3 By + wnf?By + pw?B; =0, 132 By — wnf?B; + pw?By = 0. (2.5)

We first consider the simpler system (2.5). Equating its determinant to zero, we find four complex roots of
the characteristic equation:

B1,2 = £(aoo — ¢6o0), Bs,4 = (o0 + 1foo), Br2 = B34,

p Gy —1 p /Gy t1 w2 (26)
Qoo =Wy [ o=~ Boo =wy/ 5= —F~7— G, = 1+(—) .
2p Gy 2 Gy w
Here the bar above denotes coupling. To obtain the general solution of system (2.5) in explicit form, it is necessary
to determine the coupling between the coefficients By and By for various values of 8 = 8, (m = 1,...,4). We

introduce the following notation:
Bl(ﬂm) :Blma Bg(ﬂm) ZBQm (m: 1,,4)

The coefficients Bs,, can be expressed in terms of the coefficients Bi,,, which will be treated as complex constants.
Substituting 8 = 3, (m =1,...,4) into (2.5), we find the desired couplings:
Byj = —iB1j,  Bay(jy2) = iBigt2), J=1,2. (2.7)
The general solution of system (2.2) becomes
4 2
Qi(z) = Bime®*,  Qa(z) =i Y (Bigniz) e >" =By 7). (2.8)
m=1 m=1
The right sides of equalities (2.8) contain complex quantities, whereas Q1 (z) and Q2(x) are real functions of the
real variable x. Therefore, these equations need to be reduced to a form that does not contain imaginary terms.
For this, we associate each complex conjugate pair of characteristic roots 3, and B4+2 = B in (2.6) with a pair
of complex conjugate coefficients:
Dy +1iDso Dy —iDsy D3 —iDy D3 + 11Dy
By=——F—, B33=—F—", Bip=—F—, Buyu=—%+———. (2.9)
2 2 2
Formulas (2.7) and (2.9) allow one to establish the following property: the sum of two terms in expres-
sions (2.8) that correspond to two complex conjugate characteristic roots G, and By12 = B (m = 1,2) is a real
function. We show this using the expression for Q1 (z) as an example:

B11 €7 £ Bi3 7% = (Dy + iD3)(cos foox — i sin Boox) €00 /2

+ (D1 — iD3)(cos Boox + i sin Bpoz) €*°°F /2 = (D1 cos foox + D2 sin Byox) €700 . (2.10)

In view of the property (2.10), the general solution (2.8) for a flat strip can be written in real form. If the variable x
is replaced by the difference & — h (which is reasonable for subsequent calculations), the expressions for Q1 (z)
and Q2(x) become

Q1(x) = [Dy cos Boo(x — h) + Dy sin Byo(z — h)] goo(z=h) | [D3 cos Boo(z — h) + Dy sin Byo(z — h)] goo(h—2)

2.11
Qa(x) = [Dy cos oo (z — h) — Dy sin Bog(z — h)] @~ _ [Dy cos Boo(x — h) — D3 sin Boo(x — h)] e*00 (=) ( )

We now proceed to the solution of system (2.4). In finding the characteristic roots in explicit form from
the determinant of this system, we obtain an algebraic equation of the eighth order, which should be written in
compact form. For this, we find A; and A from the second and third equalities of system (2.4):

wkaA; = —wCi — ba2Cy, wkady = ba?Cy — wCs. (2.12)
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Eliminating A; and As from system (2.4) by using (2.12), we obtain two equations of the fourth order for a:

bhoa + (bp + Co + kv )w?a? = Fiw[—Coba® + (Mo + kve)a? + pw?]. (2.13)
From this, we find eight characteristic roots. We introduce the dimensionless parameters
e 2p)? Ty g
NO:bp_w’ Me:k"y :—(3A+ 'LL) at 0’ ,U:kfy, MCZC—O
Ao Ao Cp(A+2p) bp bp

and notation

A, = N2(1 4 M¢ + M,)? — (1+ M.)? —4NZM;, B, =2No[l — M, — (1+ M,)(M; + M,)],

KO:%\/\/A§+B$+A*, LO:%\M/A$+B§—A*.

If a given material with weak coupling obeys the inequality
Me+ (14 M.)(M¢ + M,) =Ry < 1, (2.14)

the roots of Eq. (2.13) with the plus sign in can be written as
i(1+ M) = No(1 + M¢ + M,,) £ (Ko +iLo) w

2
= k=1,...,4 2.1
Y 1+ iNoM; 20’ AR (2.15)
and the roots of Eq. (2.13) with the minus sign can be written as
—i(14+ M.) — No(1 + M + M,) £ (Ko —iL
ol = 1+ Me) = No(L+ M + My) & (Ko —iLo) @ o o (2.16)

1 —4iNoM¢ 2b’
In the case Ry > 1, where the coupling is substantial, the roots of Eq. (2.13) with the plus sign are written as
i(1+ Me) — No(1 + M¢ + M,) £ (Ko —iLo) w

2
= k=1,...,4 2.17
Qg 1 T ZNQMC 2b7 ) s Ey ( )
and the roots of the Eq. (2.13) with the minus sign are written as
o —i(1+ M) — No(1+ M+ M,) + (Ko +iLo) w
= — k=5,...,8. 2.18
Qg 1 — lNoMg 2b7 ) ) ( )
Next, it is expedient to represent the roots aq, ..., as as follows:
a1,2 = (ap1 + i6o1), as34 = £(ows + i0803), a6 = 01,2, 78 = Qi3 4. (2.19)

The real and imaginary parts of the roots are found from (2.15)—(2.18) using the formulas

Ry < 1: Qp1 = RT COS 1, 601 = RT sin ©1,

*

1 B
1 = 5 arctan A_}" R = \/w Ay? +Bi‘2/ [2b(1 + NgM2)]
1
A} =Ko — No(1+ M¢ + M,) + NoM¢(1 + M. + Lo),
BT =1 + Me + LO + NOMC[NO(l + Mc + Mv) - K0]7

Ry <1: ap3= R; COS 3, 603 = R; sin<p3,

*

1 B * * *
3 = 5 arctan A—z, R; = \/w A3? + B32/ [2b(1 + NgM2)]

A5 = —Ko— No(1 + M¢ + My) + NoM:(1+ M. — Ly),
B§ =1 + Me - LO +NOMC[NO(1 + Mc + Mv) - K0]7

Ro>1: ap = RT COSs 1, 601 = RT sin<p1,
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1 By
P1=15 arctan A_}” R} = \/w\/ATQ —|—Bi‘2/ [2b(1 + N(?MCQ)],
1
A} = Ko — No(1+ My + M,) + NoM¢(14+ M, — Ly),
BT =1 + Me - LO + NOMC[NO(l + Mc + Mv) - K0]7

Ro>1: «ap3 = R; COS 3, 603 = R; sin<p3,

1 B3
s = 5 arctan 3 R; = \/ \/ A5? —|—B§2/ [2b(1 + NgMZ)],
Az’

Ay = —Ko— No(1+ M¢ + M,) + NoM¢(1+ M, + L),

Bi =1+ M, + Lo + NoM¢[No(1 + M + M,) — K.

To obtain the general solution of system (2.1) in explicit form, it is necessary to refine the couplings between
the coefficients A; and C; (j = 1,2) for various values of & = ., (m =1,...,8). For this purpose, we introduce
the following notation:

Aj:Aj(Ozm), Cj:Cj(am) (j:1,2, mzl,...,8), Cl(am):Hm.

We express the coefficients C(ay,) and A;(auy,) in terms of the quantities H,,, which will be considered complex.
Substitution of & = ayy, into (2.4) and (2.12) yields

Co(am) =iCi(am) = iHp, Cor(amqa) = —1C1 (mta) = —iHpqa,

Al(am) - -

3

(1om y om) n

4 bomaa Qmya \ Himga
2 1 (Oém+4) = |1 - y
w |t |

w lamal?/ K
AQ (Oém) = iAl(()zm), Az(am+4) = —iAl(()zm+4) (m = 1, SR ,4).
As a result, the general solution of system (2.1) becomes

4 _
bam Qo m e bam am \ Hop, P
== (i o |2) +Z( |am|2) PR

1

4 _
ba,, m \ Hm bap, . Qm \ Hp
— ) T o — ) = o 2.20
=X Ton) T *Z( S ) 220

8 4 8
x) = E H,, e*", Ro(z) =i E H,,e*™" — E H,, e .
m=1 m=1 m=>5

For the four pairs of complex-conjugate characteristic roots (2.19), we introduce the corresponding pairs of complex-
conjugate coefficients:

H,, = (AOm — iCOm)/Q, Hpypq = Erm = (AOm + iCOm)/2, m=1,...,4.

Here Aoy and Cop, (m = 1,...,4) are eight unknowns, which are then found from boundary conditions (1.4) or
(1.5). In (2.10), it is shown that the sum of two terms in expressions (2.20) that correspond to the two complex-
conjugate characteristic roots «,, and @;,+4 (m = 1,...,4), is a real function. For a more compact form of the
subsequent expressions, we introduce the auxiliary constants p; and ¢; and the notation of the real and imaginary
parts of the characteristic roots with even subscripts:

Bo; baoj)7 qj:%(Och @)7 j=1,3,

pj:E(Rf w R? ™

(2.21)

D2k = P2k—1, Q26 = Q2k-1, Qp(2k) = Qo(2k—1) Bo(zk) = Bo(2k—1)s k=1,2.
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With the use of the property (2.10) and the notation (2.21), the general solution in (2.20) for a flat strip is
reduced to real form. If the variable z in (2.20) is replaced by the difference x — h (which proves more convenient
for making the solution to satisfy the boundary conditions), the expressions for P;(z) and R;(x) become

4

Ri(z) = Z[Aok cos for(x — h) — (—1)*Coy sin fox.(x — h)] e )
k=1

4
Z [Cor, cos Box.(x — h) + (—1)kA0k sin Bor(z — h)] e(*l)kao’“(h*””),
k=1

Z{qk AO;.C cos Boi (z — h) — Cog, sin Box (x — h)] (2.22)

— pk[(—l) Coy, cos ﬂok(x — h) + Aok sin Bok (33 — h)]} e(_l)ka%(h_m),

4
Pz(x) = Z{pk[(—l)k/lok COS ﬂok(x — h) — Ook sin ﬁok (33 — h)]

k=1
+ qk[(—l)kCo;.C cos Bor(x — h) + Aok sin Bor.(x — h)]} e(=Daor(h—2)

The general integrals for a thermoviscoelastic strip (2.11), (2.22) contain 12 arbitrary constants Ag;, Coj,
and D; (j = 1,...,4) which are found from the conditions on the boundaries of the flat strip. The functions
obtained will be used to construct two exact solutions for a rod of triangular cross section.

3. First Exact Solution. To construct the solution, we use a special procedure based on the variables &
[7], which are determined as follows. We denote the radius-vectors of a certain pole and an arbitrary point in the
section of the rod 2 by ry and r and the radius-vectors of the vertices of the equilateral triangle 2 of height 2 by
7, and introduce the auxiliary variables £ and &:

E=(r—ron, &n=(r—rp)n,, m=123 (3.1)

(n is a certain unit vector, n are the inward unit normals to the sides of the triangle 2, whose vertices and sides
are numbered counter-clockwise). With this definition of the variables &,,, the equations of the sides of the triangle
are given by the equalities & = 0, & = 0, and & = 0. For the points (z,y) € 2, the strict inequalities & > 0,
& > 0, and &3 > 0 hold. The variables £ and &,, and the normals n,, on the plane (z,y) possess the following
properties, which will be used in the subsequent analysis:

ni+noe+n3g =0, 1Ny = N1N3 = N2N3 = —1/2,
(3.2)
nlxngznzxngzngxnlzx/g/l §1+€2—|—§3=2h,
F=F()eC?Q): F,=F(n,, F, = F'(&)ny,
(3.3)

Fpp = F"(6)n2, Fry = F"(&)nany, Fyy = F"(&n?.

Here n; x ny is the unique nonzero projection of the vector product onto the z axis. Using the functions R; (&),
P;(§), and Q;(&) obtained by formulas (2.11) and (2.22), it is possible to construct a particular solution of system

(1.7)~(1.9):
Uj(@,y) = Pj(§na — Qi(§ny,  Vj(z,y) = Pi(&)ny + Q;(&)na,

Tj(x,y) = R;(§), j=1,2.

The forms of the functions Uj;, Vj, and Tj in (3.4) differ significantly. This is explained by the fact that
(U;,V;) is a vector function and T is a scalar function. Transformation from x to the variable £ is equivalent to
rotation of the coordinate system. In this case, vector functions are transformed under the laws of vector algebra
and scalar functions do not change; therefore, the functions (U;, V;) contain projections of the normal vector n,
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and n, that take into account the rotation, and the functions 7% do not contain these projections in similar form.
Below, the following properties will be used.

Property 1. If the functions Pj(z), Q;(x), and R;j(x) used in expressions (3.4) are solutions of systems
(2.1) and (2.2), i.e., if they have the form (2.11) and (2.22), then U;, V}, and T from (3.4) satisfy all differential
equations of system (1.7)—(1.9).

Property 2. In (3.4), the functions Q;(§) as particular solutions of Egs. (2.2) can be chosen independently
of the particular solutions P;(&) and R;(&).

To prove Properties 1 and 2, we substitute Uj;, V}, and T} from (3.4) into the first equations of (1.7) and
(1.9); for the remaining equations, similar manipulations can be performed. Using the expressions for the particular
derivatives from (3.3), we obtain

Mo (P'ng — Qininy) + (A + p)(P'nany, + Qfniny) + u(P'nyny — Qny)
+wlo(Py'ng — Qniny) + w(C +1n)(P3nany + Qyniny)
+ wn(PQ”nmni - Q'Z’nz) — Ve RNy — wyy Rhyng + pw?(Ping — Qiny,) =0, (3.5)

bR — kw(Pyn2 — Qhngny) — kw(PQ’nz + Q4nzny) — wRy = 0.

After simplifications, the last equation in (3.5) coincides with the third equation in (2.1.) In the first equation of
(3.5), we group all terms ahead of P; and Q;:

P/ ny(Aon2 + (A + u)ni + uni) +wPyng (Con2 + (¢ + T])nf, + Tmi)
+ pwng Py — QY ny(Aon2 — (A + p)n2 + ,un?/) — YeRing —wyyRoyn,

- ngny(Coni —(C+ 77)”3 + 7]”5) - Pw2nyQ1 =0. (3.6)
The coefficients at P}’ and Q7 are transformed by the formulas

Aon2 + (A + u)ni + unz = Aon? + )\Oni = Ao,

AonZ — (A + p)n? + ;mi = un? + unz = p.
With the use of (3.7), Eq. (3.6) is reduced to the form
ne(Mo Py + WGPy — YRy — wyo Ry + pw? Pr) — ny (nQY + wn@Q3 + pw?Q1) = 0. (3-8)

Since P;, Qj, and R; satisfy Egs. (2.1) and (2.2) by construction, the expressions in parentheses in (3.8) vanish.
Thus, Properties 1 and 2 are proved. If on the right sides of expressions (3.4), the variable ¢ is replaced by any of
the variables &, determined in (3.1) the expressions obtained for Uj, V}, and Tj satisfy system (1.7)-(1.9).

In writing the exact solution, we introduce the functions

PI(©) = Py(€) - Pi2h =),  RY(©) =Ri(&) +Rj(2h =€),  j=1.2.

. (s) (a) (s) (a) . T . .9
The functions P;7(§), R, (§), @, (£), and Q; (§) are introduced similarly. The superscript (s) [or (a)] indicates

that the function is symmetric (or antisymmetric) about the point £ = h; therefore, for these functions and their
derivatives, the following equalities are satisfied:

P+ P 2h—¢) =0,  RPE-RIh-9=0, j=12

(3.9)

P (€~ P 2h-€) =0,  RY(€)+RY(2h—¢) =0.

If the functions P; (&) and R;(§) jointly contain eight constants, the functions Pj(”(g) and R;a) (&) contain only four

constants and the functions Q§a) (€) contain two constants; we denote these constants by Fi, ..., Fy and G and Gs:

Fy =2(Ao1 + Az), Fo>=2(Co1+ Co2), Fz=2(Ao3+ Aos), Fs=2(Cos+ Cos),

G1=2(Dy+ D3), Gy =2(Dy— D).
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Below, a particular form of the functions Pj(a) (€), Q;S)(f), and R§S) (&) will be required. To obtain a compact
form of these functions, we introduce the notation

COSth (f) = COS ﬂoj (f — h) sinh @Qj (f — h), SiChoj (f) = sin ﬂoj (f — h) cosh QQj (f — h),

coChyg; (&) = cos Bo; (& — h) cosh ;i (§ — h), siSho; (&) = sin Bo;(§ — k) sinh ag; (€ — h).
In these notation, the functions Pj(a) €), Q;S)(f), and R;S)(g) are written as

2

P (¢) = > {p2x—1[Fak coShoai—1)(§) — Far—1 siCho(ag_1) (6]
k=1

— q2k—1[Fak—1 coShg(ax 1) (§) + Fop siChoar—1) (€]},

2
Pg(a) (&) =— Z{p%q [For—1 coShgai—1) (&) 4 Far siChg(ar—1)(§)]
k=1

+ ok —1[Far—1 8iChg(ar—1)(§) — Fax coShg(ar—1)(§)]};
Q17 (&) = Gy coChyg (€) + G siSheo(£), §9(€) = Go coChoo (€) — Gy siShgo(£); (3.10)
R (&) = Fy coChoy (€) + FysiShgy (€) 4+ Fs coChos(€) + Fy siShes (€),

RYY(€) = F> coChoy (€) — F siShoy (€) + Fi coChos(€) — Fj siShos (€).-
The solution of problem (1.7)—(1.9) with boundary conditions (1.4) is represented as the sums

3 3
Ui(z,y) = D [P e — Q% (Eniy),  Tiwy) =Y RV (&),
k=1 k=1
3 (3.11)

Vite,y) = Y [P (€ney + Q) (Emia), G =1,2.
k=1

By virtue of Properties 1 and 2, the functions Uj;, Vj, and Tj in (3.11) satisfy Eqgs. (1.7)-(1.9). It remains to satisfy
boundary conditions (1.4), which previously need to be transformed. For this, we write the normal displacement
component u,|r = (ung + vny)|r on the boundary I' in the form

Ujne + Viny)| = ujo,  j =12 (3.12)

In these problems, it is assumed that all analytical relations similar to (3.11) are equally valid for the sides of
the equilateral triangle; therefore, it is sufficient that all boundary conditions are satisfied on one side, for example,
on the side & = 0. Then, on the other two sides of the triangle for & = 0 or £, = 0, the boundary conditions are
satisfied automatically. For the points (z,y) on the side of the triangle £3 = 0 between the variables &; and &, we
have

& =0: & + & = 2h. (3.13)
Substituting U; and V; from (3.11) into (3.12) for £3 = 0 and using (3.13), we obtain the following two equations:
(

(P () (mams) + PL(2h — &) (mama)] + P (0)

J

+ [Q;s) (51)"’1,1 X ng + Qgs) (2h — 51)"’1,2 X ’I’L3] = ’u,jo (j = 1, 2)

Using properties (3.2) and (3.9), it is easy show that all terms containing the variable £; in square brackets are
mutually cancelled; therefore,

PO0)=uo  (j=12). (3.14)
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We consider the boundary condition in (1.4) for the heat flux on the side £&5 = 0. After substitution of
T;(z,y) from (3.11), this condition becomes

R (€)(mina) + RY'(2h = &)(nana)) + REV(0) = o, G =1,2. (3.15)

J
Using (3.2) and (3.9), one can prove that the expression in square brackets in (3.15) vanishes and, hence,
R;s)/(o) =qjo, j=12. (3.16)

The system of four equations (3.14), (3.16) for the coefficients F7, ..., Fy is represented in explicit form

2
Z{ka—l [For—18iChg2x—1)(h) — Fax, coShg(ar—1)(h)]
k=1

+ qar—1[Far—1 coShgap—1) (h) + Far siChoor—1y (h)]} = w10,

2
Z{p%q [Fok—1 coShgar—1)(h) + Fax siChg(ap—1) (h)]
k=1

+ qar—1[Far coShgap—1)(h) — Far—18iChoap—1)(h)]} = uao,

: . (3.17)
Z{sz—l[ﬁo(qu) siChg(ax—1)(h) — ao(2r—1) c0Sho(k—1)(h)]
k=1

— Far[Bo(2k—1) c0Shg(ax—1) (h) + agar—1) siChoax—1)(R)]} = qi0,

2

Z{F%—l [Bo(2k—1) coShg2r—1) (h) + ag(2k—1) siCho(a—1) ()]
=1

+ Far[Bo(ak—1) 8iChoax—1y (h) — ag2r—1) coShg(ar—1)(h)]} = gao-

The linear system (3.17) is easily solved on a computer. It remains to elucidate whether there are cases
where the above equations have no solution. We show that the determinant of the system is always A} > 0. Using
the properties of Eqs. (3.17), instead of F}, ..., Fy we introduce the new unknown complexes 1, ..., 24:

T = Fl SiChOl(h) - F2 COSth (h), Ty = F1 COSh()l(h) + F2 SiChOl (h),

(3.18)
I3 = F3 SiCh03 (h) - F4 COSh03 (h), T4 = F3 COSh03 (h) + F4 SiCh03(h).
In the notation (3.18), system (3.17) becomes simpler:
Boi1x1 — o122 + Po3Ts — 3T4 = 1o, 0121 + Bo1x2 + o33 + Bos®s = G20,
(3.19)
P1%1 + 122 + P33 + ¢34 = w0, —q171 + p1T2 — q3%3 + P3x4 = Ug0-

The determinant of Egs. (3.19) can be written in convenient form. After some transformations, A} is expressed as

A} = [(coShgy (h))? 4 (siChoy (h))?][(coShgs(h))? + (siChgz(h))?]

x [(P{R3)* + (P5 RY)? — 2(P{ Py R{R3) cos (1 — ¥3 + 93 — ¢1)] > 0, (3.20)
Pr=\/pi+q;, iy =arctan (g;/p;), j=1,3.
From the closed system (3.17), we obtain the constants Fi, ..., Fy, whose explicit expressions are cumbersome and

are not given here.
In accordance with (1.1), the boundary condition for the tangential stress in (1.4) can be written as

+2 0
R T

Tn

- 21Yn .- T10 COS Wt + Tog Sin wt. (3.21)
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If the normal direction on the boundary I is defined by the unit vector n = (ns,n,), then the tangential direction
on T for the plane problem is defined by the unit vector 7 = (—n,,n,). Then, the tangential component of the
displacement vector on I is expressed as

Ur

- (—uny + vng) .
Since in boundary conditions (1.4) on T, the normal component w,, is specified to be constant at the points of the
boundary, the expressions for the shear ~, and the shear rate 9, /0t can be simplified:

Oou, ov ou 0 0 /0v ou
an—nrz(%nz_%ny)‘r’ QE’YHFZE(%M_%%)‘F'
As a result, boundary conditions (3.21) on the triangle side &5 = 0 have the form

29n

0 0
. (Vinsg — Uinsy) + nw =— (Vansy — Uangy)
ns 0

e 8713 4=0 = T10,
5 5 (3.22)
2 (Vanay — U ‘ o =L (Ving, — U ‘ .
2 ons (Vans 2n3y) £5=0 nw ons (Vins lnBy) £2=0 T20
Equation (3.22) implies
. . ko + (1) nwrs_j)0 )
Gy Vimse = Upnsy)| =77, 7 =20 (=12). (3.23)
Substitution of U; and V; from (3.11) into the left part of boundary conditions (3.23) yields two equations
8 a a
8—71,3 [_Pj( )(fl)nl X n3g — P]( )(fg)nz X N3
+ Q7 @)mns + Q7 @Inans + @V (&)|_ =7 (G=1.2) (3:24)
-
Equation (3.24) can be simplified using the following property for the derivatives:
0 1 0
— F)=F'(¢)nng = —=F'(& j=1,2 —F =F . 3.25
o F&) = P& =5 (&) (=12, 5 F&) = F(&) (3.25)
By virtue of (3.25) and properties (3.2), boundary conditions (3.24) become
(V3/4)[P" (2h — &) = P (&)
+ (/DR )+ @ eh e+ Q) =7 (1=12). (3.26)
By virtue of properties (3.9) and (3.26), the expressions in square brackets vanish, and, hence,
Q0 =7 (j=12)
From this, we find the coefficients GG1 and Go:
Gl = [Tl* (ﬂoo SiChoo(h) — Qo COShQO (h)) + T; (OZQO SiChoo(h) + 500 COShoo(h))]/Aql,
. . . . (3.27)
G2 = [T2 (ﬂoo SlChoo(h) — Q0 COShQO (h)) — T (OZQO SlChoo(h) + 500 COShoo(h))]/Aql.
The determinant A,; is expressed as
Ag1 = (g + B5y)[cosh (ago2h) — cos (Boo2h)]/2 > 0. (3.28)

From inequality (3.28), it follows that solution (3.27) is unique. All expressions of the first exact solution
of problem (1.2)—(1.4) for a viscoelastic rod of triangular cross section are cumbersome; therefore, we will not
give its final form and only indicate the sequence of calculations that lead to this solution: the displacements u
and v and the temperature T are determined from (1.6), the amplitudes U;, V;, and T from (3.11), Pj(a), Rg-s),

and Qg-s) from (3.10), the coefficients Fi,..., Fy from the algebraic system (3.17), Giand Gy from (3.20), and the
determinants A} and A, from (3.20) and (3.28). In numerical implementation of the solution, all manipulations
should be performed in the reverse order: the determinants A} and Ay are first calculated from (3.20) and (3.28),
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the coefficients F7, ..., Fy are then found from (3.17), G; and G2 from (3.27), etc. The displacements u and v and
the temperature 7' are expressed in terms of continuous and differentiable functions; therefore, the temperature,
strains and strain rates can be found from the well-known formulas of the linear theory of thermoviscoelasticity and
the stress is found from (1.1).

4. Second Exact Solution. The solution of problem (1.7)—(1.9) with boundary conditions (1.5) can be
represented as the sums

3
Ui(z,y) = Y [P (& )nke — Q) (€)mag),  Tilwy) = > RV (&),

k=1 k=1
3
‘/j(Q:) y) = Z[PJ(S) (fk)nky + Q§a)(£k)nkz]7 .] = 17 27
where

2
PP(€) = > {p2x—1[F3; coChogap_1) () — Fyj_y siSho(ae—1) (§)]
k=1

— qak—1[F3p,_1 coChyar—1) (&) + F3p, siShoar—1) ()]},

2
Pés)(f) = Z{qmﬁl [F5y—1 siSho(ar—1)(§) — Fay, coChgar_1) ()]
k=1

— pak—1[F3y,_1 coChgar—1)(§) + F3, siShg(ar—1) (§)]},
Q17 () = Gj coShoo(€) + G siChoo(€), QS (€) = G coShoo(€) — G siChoo (€),
R (€) = Fy coSho (€) + F3 siChoy (€) + Fy coShos(€) + Ff siChos (€),
RSV (€) = F coShi (€) — Ff siChoy (€) + Fy coSho(€) — Fj siChos (€),
F =2(Ao1 — Ao2), Fy =2(Co1 — Co2), F5 =2(Ap3 — Aoa),
Ff =2(Cos — Cos), GF=2(Dy—Ds),  Gi=2(Dy+ Dy).

In the construction of the second exact solution with the boundary conditions having the form (1.5), the

condition for the tangential component of the displacement vector u., . (vng — uny)‘F implies
(VJTLE - any) r = Vj0, ] = 1, 2. (42)
Substitution of (4.1) into (4.2) for &3 = 0 yields the expression
[P (&) (1 x m3) + P (2h = &1)(n x )

+ Q17 (€1) (nams) + QS (2h — &) (nams) + Q1 (0) =vjo (7 =1.2). (4.3)

Using the properties (3.2) and (3.9), one can show that the expressions in square brackets containing the variable
&1 vanish; therefore, Eq. (4.3) implies

QW) =vo  (j=12). (4.4)
Let us write two equations (4.4) for G and G5:
G7 cos(Booh) sinh (agoh) + G5 sin(Booh) cosh (agoh) = —vio,
—@G7 sin(Booh) cosh (agoh) + G5 cos(Booh) sinh (agoh) = —vao.
The determinant of these equations Age > 0; therefore, this system has the solution
G = [v20 sin(Booh) cosh (apoh) — vig cos (Booh) sinh (agoh)]/Age2,
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G; = — [Ulo Sin(ﬂooh) cosh (Oéo()h) —+ vgq COS (60()}1) sinh (Ozooh)]/AqQ,

Ago = cosh (2agoh) — cos (2600h) > 0.
To satisfy the second boundary condition in (1.5), we transform the expression for the normal stress. Since

on the boundary I', the tangential component w, is constant, the stress o, - can be represented as

_ )y 2t
r

on
from expression (3.12) into (4.5) yields

9 Oun
on Ot

L = 00c0s wt + o9 sinwt. (4.5)

On F—FCQ

Substitution of wu,,
r

0 0
Ao 57— (Uinsg + Vlnay)‘5 . + Cow 7— (Uanzy + Vangy) ¢

8713 = (9713 3=0 - 710
5 5 (4.6)
A—Uwv}——Uwv .
0 Brs (Uansg + Vanay) (e Cow s (Uinaz + Vinay) o=
Equation (4.6) implies
0 Aoajo + (—1)7Cowa(s_j 0 .
L (Uinga +V; ‘ ~ N, N, = —1,2). 47
anB ( Jn3 + jTLBy) £5=0 J J )\g T ng2 (] ) ( )
Substitution of U; and V; from (4.1) into the left side of boundary conditions (4.7) yields two equations
a S S S
s [Pj( J(€)nans + Pj( )(€)nans + Pj( (&)
Q@) x g + Q) @)ma xngl|__ =Ny (j=1,2) (4.8)
In view of the properties (3.2) and (3.23), boundary conditions (4.8) become
(/4P (€) + P (h = &)
+ (V3R (h—&) - Q€N+ K0 = N; (1 =1,2). (4.9)
From (3.9) it follows that expressions in square brackets vanish; therefore, from (4.9) we obtain two equations
PY0)=N;  (j=1,2). (4.10)

It remains to satisfy the boundary condition in (1.5) for the temperature on the triangle side £5 = 0. After
substitution of T} (x,y) from (4.1), this condition becomes

[R(&) + R (2h — )] + RV (0) =Ty,  j=1,2. (4.11)
Using (3.9), it is easy to show that the expression in square brackets vanish. Then, from (4.11) we obtain
RMW(0) =T, j=12 (4.12)
The system of four equations (4.10), (4.12) for the coefficients Fy, ..., Fy is written in explicit form

2
Z{Q2k—1F§k_1 [o(2k—1) c0Shg(ar—1) (1) — Bocak—1) siChoax—1) (h)]
k=1

+ qar—1Fop[ao(ar—1) 8iChoap—1y (h) + Bo(ak—1) coShgax—1) ()]
+ p2k—1F5x[Bocak—1) 5iChoar—1) (h) — ap(ar—1) c0Shoar—1) ()]
+ por—1F5;, 1 [aoar—1) siChoap—1) (h) 4 Bocak—1) coShgar—1y (h)]} = N1,

2
Z{QZk—lFZ*k [o(2k—1) c0Shg(ax—1) (h) — Bo(ak—1) SiChoax—1) (h)]
k=1
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— qak—1F5;,_1[ao(ar—1) siChoar—1) (h) + Bo(ak—1) coShgax—1) (h)] (4.13)
+ par—1F5, 1 [ao(2k—1) coShgar—1)(h) — Bo(zk—1) 5iChgar—1)(h)]

+ par—1Fop[ao@r—1) siChor—1)(h) + Bocak—1) c0Shgar—1)(h)]} = N2,
2
> [F3y 1 coShoar—1)(h) + F3 siCho(ar—1)(h)] = —Tho,
k=1
2
Z[FQ*k coSho(ak—1)(h) = F3p_y siChoap—1) (h)] = =Tso.
k=1
The linear system of four equations (4.13) is easily solved on a computer. It remains to elucidate whether
there are cases where these equations have no solution. We prove that the determinant of the system is always
A% > 0. To write the determinant in convenient form, we use the properties of Egs. (4.13) and replace the coefficients
Ff, ..., Fy by new unknown complexes z7, ..., z}:

= Fl* SiChOl(h) — FQ* coShg (h), 33; = Fl* COShOl(h) + FZ* SiCth(h),

4.14
= F; SiChog(h) — Fz COSh()g(h), QJZ = F; COSh()g(h) + Ff SiChog(h). ( )
In notation (4.14), system (4.13) is simplified:
(P11 — q1Bo1)x1 + (p1Bo1 + qrawor)x2 + (P33 — q3fo3)xs + (p3fos + qzws)rs = N1,
(praor — q1Bo1)r2 — (p1Bo1 + qrovor)x1 — (P3fos + qzaos) T3 + (P33 — q3003)s = No, (4.15)

—x1 — 23 = —Tso, r2 + x4 = —Tho.
The determinant of Eqgs. (4.15) can be written in compact form. After some transformations for A}, we obtain the
expression

A} = [(coShg; (h))? 4 (siChoy (h))?][(coShgs(h))? + (siChgz(h))?]

x [(q1801 — preor — 303 + p3cos)® + (P10 + 101 — psPos — gzws)?] > 0.
From the closed system of equations (4.13), we find the constants F, ..., F, whose explicit expressions are cum-
bersome and are not given here.

In a thermoviscoelastic rod, the propagation of one temperature and two elastic waves (shear and longitu-
dinal) is possible. The characteristics of these waves are determined by the real and imaginary parts of the roots
aj and B; (j =1,...,4). To establish which roots correspond to the waves listed above, we set the coupling and
viscosity coefficients in Eq. (2.13) equal to zero (k = (o = 0), i.e., M, = M,, = M¢ = 0. Then, from (2.14) we obtain

051,221\/%(14—1'), o34 = HNO :l:wﬂ/\o

From this it follows that the roots o 2 define the parameters of the temperature wave and the roots o 4 define the
parameters of the longitudinal elastic wave. Because the model is coupled, both the temperature and elastic strains
change in the temperature wave, and the temperature also changes in the longitudinal elastic wave. Only the shear
wave does not influence the temperature field. Generally, the velocities of the temperature (vr), shear (v,), and
longitudinal (vy) elastic waves can be calculated by the formulas

vr = w/Bo1, v, = w/Boo, vy = w/Bos. (4.16)
The lengths of these waves are determined from the expressions
LT = 27T/ﬂ01, L# = 27T/ﬂ00, LA = 27T/ﬂ03. (417)

Formulas (4.16) and (4.17) and experimental data can be used to calculate the rheological characteristics of
thermoviscoelastic materials. For example, the viscosity coefficients of many solids have not yet been determined.
From the formulas for the characteristic roots, it follows that the temperature and strain fields are significantly
affected by the dimensionless parameter Ry. In addition, a decrease in the coupling coefficient k leads to a decrease
in the parameters M., M,, and Ry. Thus, if the parameter Ry is small, the coupling in the formulation of the
problem can be ignored and if Ry ~ 1 or Ry > 1, the coupling should be considered. Account of the coupling also
depends on the required calculation accuracy in the solution of the problem.
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